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TWO-VARIABLE
systems of Equations

solutions.

«  Asystem of equations is fwo more equations with the same variables,

+ The solution to a system of equations with two variables is the ordered 3
pair (x, ) that satisfies both equations. Eulr\tre e graphd intergech

» Linear systems can have one solution, no solution, or infinitely many

SOLVING
GRAPHICALLY

Solve the system of equations by graphing.

1 3x—y=-5 2 {x—2y=8
T ldxdy=-2 lx=-6

3 3x-3y=-15 4 2x+3y=9
Cx-y=2 T |6y =18—-4x

Tem—
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To solve a system of equations by substitufion:

SUBST"’UTIUN @ | solve either equation for one of the variables.

07} Substitute this expression into the other equation so the equation s in
METHUD terms of just one variable. Solve,

€ | Use substitution 1o solve for the other variable.

Solve each system of equalions by subsitution.

5 x—5y=13
" |-7x+8y=-10

. 2x—-y=16
" 12x+5=6y

7 3x-2y =30
"\ 7x+5y=-17

8 —4x -3y =-21
T 5x -9y =63
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ELIMINATION
METHOD

To solve a sysiem of equations by elimination:

| ] Align the equations.

0 Multiple one or both equations by a number to result in a variable with

the same coefficients.

@ | subtract the equations to eliminate a variable. Solve.

0 Use substitution fo solve for the other variable.

Solve each system of equations by elimination.

9 3x+y=-25
T Tx—by =62

0.

4x=5y+10
Bx 9y =258

1y, [8x—2y=-32
" |8x~11y=-53

1.

6y =9x+39
-3x=13-2y

APPLICATIONS

Set up a system of equations. Then solve by subsitution or elimination.

13. Jasmine has 35 coins in her wdllet, all nickels and quarters, If the total
value of the coins is $4.35, how many nickels and how many quarters

does she have?
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Headwind is against

the wind. Headwind
speed is actual speed
minus the wind speed.

Tailwind is with the wind.

Tailwind speed is actual
speed plus wind speed.

14. The admission fee at a carnival is $2.50 for children and $7.00 for adults.
On a certain day, 1400 people attended the carnival and the admission
fees totaled $5822. How many children and how many adults attended
the camival that day?

15, It took Brett 2 haurs to fly from Philadelphia to Pitisburgh, a distance of 260
miles, flying info a headwind. Following the same flight path, his return
flight was 1 hour and 15 minutes. If the wind speed and direction was the
same for both fiights, find his speed in stilt air and the wind speed.

16. Marlena bought 12 pounds of French Roast coffee and 3 pounds of
Columbian coffee and paid $31.25. Rowen bought 22 pounds of French
Roast coffee and 2 pounds of Columbian coffee and paid $15.15. Find
the cost per pound of each type of coffee.

17. Alex invested $7500 in two accounts, one paying 5.5% and the other
paying 8% simple interest per year. His annual interest was $540. How
much did he invest into each account?
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NONLINEAR
SUSTems of quations

* A nonlinear system of equations is a system in which af least one
equation is not linear.,

» There can be one solution, multiple sciutions, no real solutions, or
infinitely many to a system of nonlinear equations.

Sol\/ing
GRAPHICALLY

Solve each system of equations by graphing.

1 y=x"+8x+13 9 ¥ +y'=25

T |y=2x+8 " 1yF=8x-8

3 {y=—2x2+12x—15 A y=20x+6+1
x—4y=-24 x+3y=24
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Solving
ALGEBRAICALLY

Solve each system of equations by substitution or elimination.

g Jy=x+x-2 g [p=5"+3x-5
Cly=1-x T ly=2x"+5x-4
x*+y? =52 8 ¥ =2x+13
"13x+2y=0 Cx? ey +6x-1=0

9 y=x"—6bx+10
"y =-3x"-12x-5

10,

9 +16y = 289
X' —y* =21
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THREE-VARIABLE
sstems of Equations

» The solution to a system of equations with three variables is the ordered
triple (x. y. z) that satisfies all equations.

» Three-variable systems can have one solution, no solution, or infinitely
many sclutions.

To solve a system with three variables:

0 Eliminate o variable from a pair of equations, then, eliminate the same
variable from another pdir of eguations.

@ | solve the resulting system of equations from Step 1.

© | Use substitution to find the value of the third variable.

'EXAMPLES

Solve each system of equations.

[¥+3y+22=-1371'p @--Pg".,—-s(q:?)\{ FZ22 -3 B, Gy .;2\/.-.-23_':'-“

1. $5x+2y -2z =-11 (:&}S’x +2Y-27= -l I —~Y _2____21\"‘2_
W—M-—-M-—_ o
7i-dy-z=29 AP AT (_* Y D
5x+ Z‘["“Z't:"\

D (6 + by =-2$)2 =My egyrzzs ~5¥

M HN - (B () r5ye -2y Tertoy 2of

L 24 -\0Y 5 ~48 5Y=-30
P (—HC[\( 4»[0:3): "'QC‘\ =
20k . =2 l.\,%(m(g)*’z_ - =|3
%= | ~1%+222-~1%

& ()

4x-y+92=-3
2. <3x—4y -5z =-31
—x+7y+11z=27

©CIRGWISoH TATTHIRGS Algébra®, LLC], 2018



3.

2x—-5y—6z=57
~4x+7y-z=19
9x—y+4z=-75

4x—-5y+z=20

4,6x—y—2z=35

-2x+8y-3z=-9

Bx—-z=7

§. {4x+3y =31

~7y—-2z=73

© Gina Wilson (Al Things Algebra®, LLC), 2018




4. Mischa and Ben's combined SAT score was 2290, Ben and Ashley's
combined score was 2530. Mischa and Ashley's combined score was
2660. Find each student’s individual SAT score.

APPLICATIONS

7. Jada has 33 coins in her wallet ~ all pennies, nickels, and quarters, The
total value of the coins is $3.41. If the number of quarters is four less than
- the number of pennies, how many of each coin does she have?

8. Three solutions contain a certain acid. Solution A contains 15% acid,
Solution B contains 5% acid, and Solution C coniains 40% acid. A chemist
combined all three solutions to create a 60-liter mixture containing 29%
acid. If twice as much of Solution C as Sclution A was used, how many
liters of ecich sclution was used for the mixture?

@ Gina Wilson (Al Things Algebra®, LLC), 2018



?. Inlast weekend's track meet, Lakeland High School had 30 individual-
event placers score a total of 111 points. Firsi-place finishers score 7
points, second-place finishers score 4 points, and third-place finishers score
1 point. The number of first- and second- place finishers was twice the
number of third-place finishers. Find the number of runners that finished in

edch place,

10. Marvin inherited $25,000 from his grandparents. He placed the money in
three different accounts that earn 2%, 6.25%, and 8.5% annual simple
interest. The amount of money placed in the account that eamns 2% was
half the amount of money placed in the account that eans 6.25%
interest. If he earned $1729 in interest combined after one year, how
nmuch money did he place in each account?

11. Beth bought 14 pounds of cashews, 23 pounds of almonds, and £
pounds of raising and paid $23.75. Claire bought £ pounds of cashews,
12 pounds almonds, and 2 pounds of raisins and paid $14.25. If the cost

per pound of cashews is 50¢ less than twice the cost per pound of
almonds, find the cost per pound of each.

® Gina wison (Al Things Algebra®, LLC), 2018
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MATRIX

Ao -3 6 24
0 -15 -7

A \fedra,r\gw\ar ax of variables ov

constants  in vews cr colomns, ULSUO{CW

onclosed N \gvacleet s,

ELEMENTS

Note: Matrices
are named using
a capital lefter,

¢ FElemenis are the Wld\\(l DLUQL\ \V luﬁs within the matrix.

e Element a-Kgi is used to denote each element where '?( is the
rew number and % is the COLUVY\VI number where
the element is located.

_| Directions: Given matrix 4, find the value of each element.

TRy
1. a - 2. a
[-8 40 0 -1 2 Mffj Z .
A=|27 32 29 ¢ 2| [3.a, 4. a,,
5 17 14 52 -35
5' aWS 6' aZQ

A vwadkvik with  mwm—rows  and w- columng

DIMENSIONS |is sad % we  an “wmxn” mabrin

Directions: State the dimensions of each matrix.
7. [—5 34 —18] 1 -8
8 -4 13
I % 16 2
28 0

-11 37 4 -2 o.[7 -3 0 23 -1 5]

9./ 0 9 -5 -3 =31 10 -6 -14 18 -26

Llé 1 25 12]
EQUAL Two wakvices 1n whith each eltmant 1n on

MATRICES

mMedViX 1S eqoal o e (xwrgypuv\d)rﬂ ewment \n ﬂ*-g.;],

SPECIAL
MATRICES

ROW MATRIX COLUMN MATRIX | SQUARE MATRIX ZERO MATRIX

Ca b c]

TS
4ol ladlse:
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ADDITION &
SUBTRACTION

Matrices can be added or subtracted if and only if they have the
same dimensions. Simply add or subtract comresponding elements.

Directions: Using the matrices below, perform each operation, if possible.

e 24 -8 -3 15 29 17 S 2
w=|-11 15 X{4 ‘6 “”} Y:h . 2} Z=|-16 ©

8 -20 - - o 12 9
M. X+7 , 12. Z-Ww

q 2\ W

5 1 -\
13. W+ X ‘ 114 x—v

Not Poss e

SCALAR
MULTIPLICATION

Matrices can be multiplied by a constant, called a scalar. In this
process, called scalar multiplication, each element in the matrix
is multiplied by the scalar to produce the new matrix.

Directions: Using the same matrices above, perform each operation.

5. 3X 16. %W
:I'?- . '-’ZL‘ "'Gi
-\2 \3 -9l
17. -5 +2¥ 18. 4 -2
19. -3(W + 2) 20. %(Y—X)

@ Gina Wilson (Al Things Algebra®, LLC), 2018




Name:

Unit 10: Systems and Matrices

Homework 4: Introduction to Matrices
& Basic Operations

Date: Per:

Directions: State the dimensions of each matrix,

1.[9 -11 4 7] 6 1 8 7 3 -4
210 7 3|6 -1°9 4,113
-5 11 0 15 =17
1 7 3
Directions: Using the matrices below, perform each operation, if possible.
1T -4 0 3 5 -1
4|5 3 5 |8 ¢ ,c=[4 39 Q]D:[n 7 -2 0},5: 7 2
-7 -1 [ 7 -2 0 6 8 -5 1 10 -4 -9
8 2 -7 -5 13 3
5 A-F 6. C+ D 7. E-B 8. 4+D
Directions; Using the matrices below, perform each operation.
5 7 6 9 0 .3 12 -5
V:{_Q J,W{” -8 3},){: 11 5 ,Y:[]S "é],z: 7 3
6 -1 —4 1 -8 12
9. 4W 10. _QY 1. 3Z-X
3
12, 27 + 3V 13. 2(X + 2Z) 14, —Z—(V—Y)

© Gina Wilson (All Things Algebra®, LLC), 2018
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Main Ideas/Questions

Notes/Examples

MULTIPLYING
MATRICES

-6 2 8
4 g -1 5

16 4 -10

-3 138 -7

B=[-11 4 19 -2 6]

C=O]—6I9
14 92 -5 -2

e Matrices A and B can be muliplied if and only if _TIRE  umbe

0«9 ALVWINS \n A @"\Uakj‘ e number o oS
. T

s If matrix 4 has dimensions AR 4 and matrix B has dimensions
N X P then the resulting dimensions of ABis _ YN\ X [P

Matrix AB
mxp

Mahix B
nXp

Matrix A
mixn

Using the matrices to the left, determine if the product is defined. i
yes, give the dimensions of the resulting product.

1.4D 2. AC
~~
‘7;5 x|
yesy  qxd
3. BE 4. BD
5.CA 6. EC
7.EB 8. DB

HOW DO YOU
Mullioly Malrices”?

The element in the m!h row of and #th column of matrix 4B is the sum
of the products of the cormresponding elements in row m of matrix 4
and column r of matrix B. Show this pattern below.

a¥ +b\.a

&e’ ,H@g CF- 'I‘dl’i

IfA:[a b} and B:[e
d ces 4g

f},’rhenAB:
c g h

@ Gina Wilson {All Things Algebra®, LLC} 2018



EXAMPLES

Find each product, if possible.

[ 218

10, [

-2 0|8
6 4|2

4-6) +(-9--5) Y-
[33'&)T‘(~2“‘5) Q3~_n+{5ﬁ’q)
224y &-30
\g 0 ~5-3
2| -5’2]
2.9 ~1
¢ 3 10 4 3
11.[—7 2 —H}_ p 12. [2 _8]'[—2 0 wé}
3 -5 _2 3
113 [9 —5H—3 13 _5} ”
- -2 4 -1 -7 2 14, | -2 .I:_] 9 5]
4
o 16
15, [2 -8 —1}_ o 16. [-7 _5]_{_]]
15 -3 4]

3 -
4 8

-2 10
7 6

conclude from your resuls?

17. Given matrix 4 and B to the left, find AB and BA. What can you

® Gina Wilson (All Things Algebro®, LLC), 2018



Properties
of Malrix
Mulliplicatlion

Associative Property of
Matrix Multiplication

(AP) ¢ = A(R)

Associative Property of
Scalar Mulliplication

AR = KA = AKS)

Left Disiributive Property

C(A+R) = CA+C&

Right Distributive Property

(AR C = AC+BL

APPLIGATIONS

18. The first table shows the number of reams of paper, packs of dry-erase

markers, and boxes of staples requested by two teachers. The cost
per item is given in the second table. Use matrix multiplication to
show the total cost of the supplies for each teacher.

Teacher Paper Markers Staples
Mr. Smith 6 4 5
Mrs. Wills 8 2 3

Supply Item | Cost
Paper $i5
Markers $4

Staples $2.50

Use for questions 19-22: The students at Oakhill High School are selling
bags of popcorn for $10 each, tubs of cookie dough for $12 each, and

baskets of fruit for $16 each to raise money for the school. The number of

each item scld per class is shown below.

Class Popcorn Cookie Dough Froit Basket
Freshman 40 84 45
Sophomore 75 58 28
Junior 40 63 18
Senior 21 47 32

19. If they earn 15% profit on each item they sell, use mairix multiplication

to show the profit earned by each class. Give your answer as a matrix.

20. Which class earned the most profit?

21. Give the total profit for the school.

22. How much more profit did the seniors earn than the juniorse

® Gina Wilson (All Things Algebra®, LLC), 2018




Name:

Date:

Unit 10: Systems and Matrices

Homework 5: Multiplying Matrices

**This Is a 2-page document! **

Directions: Find each product, if possible.

-2

1_[4 - 0]_5
8 4 3|,

L
7 t]lls 1 3 0

7 11 2715 8
3./-6 0 —9.|-3 4|3 2 5]
10 -4 5| |- 12
' _7
0 3

12 5 -5 1
10 1 6
¢ LL —1 9}' 0 8.7 8 23]
—2 _A 3 -3
7 1
9 [2 vs] [H %}_[3 5} 14 0 5
“1-1 7|0 8] |4 -9 1o.m86+—1-[3n]
3 210 |-7

© Gina Wilson {All Things Algebra®, LLC), 2018




n[OHV S B A e 2] S ele

13. The first table shows the number of oil changes, tire rotations, and wheel alignments needed by
two car rental companies. The cost per service is given in the second table. Use matrix
multiplication to show the total cost of the vehicle services for each company.

Company ot fire 1 Alignment Service Cost
chdnge Rolafion Qil Change $26.75
Rentals 4 U 5 3 4
Car Care Plus 6 2 1 Tire Rotation $33

Alignment $89.25

14. A group of friends went back to school shopping, buying jeans for $28 each, t-shirts for $12
each, hoodies for $32 each, and sneakers for $65 each. The number of each item purchased
per person is shown in the table below.

Person Jeans T-Shirts Hoodies | Sneakers
Isabella 2 2 3 1
Penelope 3 1 2
Jeremy 4 3 1 2
Henry 3 2 2 2

a. If allitems had an additional 8% tax added to their price, use matrix multiplication to show
the total purchase price per person. Give your answer as a mafrix.

b. Who spent the most money?

¢. How much more did the boys spend than the girls?

@ Ging Wilson (All Things Algebra®, LLC), 2018
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Date:

Topic:

Class:

Main Ideas/Quesfions

Notes/Examples

DETERMINANT

e Every square matrix has ared number cdlled its determinant.

e The determinant of matrix 4 is denofed as Cﬂﬂ‘ (A\ or \A'k .

Determinant of 9
2 X2 Matrix

The determinant of a 2 x 2 matrix is called o second-order determinant.
To find the determinant of a 2 x 2 matrix, use the rule:

]’rhen \_":' (Ld“"‘Cb

a b
¢ d

Given 4= [

Find each determinant.

LT 5] A ed
4Y(~io) — (5)(3)
N>

2% ) o2 )

Deierminant of 2
3 X 3 MATRIX

The determinant of a 3 x 3 matrix is called a third-order determinant,
To find the determinant of a 3 x 3 maitrix, use the steps below:

Rewrite the first two columns to the right of the matrix.

Find the sum of the products of each downward diagonal.

0
(2]
0 Find the sum of the products of each upward diagenal.
0

Subtract the upward diagonal sum from the downward diagonal sum.

Down, et e-| = -\"2:

~Fe=5. 1= B35

2 ...5.,5 7.’.-'7"'0
12435 -5%2-2F

VPt Vvoq.z 2§

D ~W
-9 \02. = F5

@ Gina Wilson {All Things Algebra®, LLC), 2018



6 -3 6

6.|-1 4 2
3 -6 -4
3 4 7
712 2 5
-3 8 -4
8 8 5
813 2 -6
6 -2 0

APPLIGATION:
reaof 4 Triangle

Given a triangle with vertices (x1, y1), {x2, y2), (x3, y3),
the areq of the triangle can be found using the formula:

: x, »y |
A=—§|dei(X)|Where X=[x, y, 1

X, ¥y 1

9. Triangle POR has vertices P(-5, -2), Q(3, 9) and R(7, -4). Find the area of
the triangle.

10. Wellspring is 14 miles north and 3 miles east of Chester. Hillford is 8
mies east and 5 miles north of Chester. Find the area of the land
formed between these three towns.

® Gina Wilson (All Things Algebra®, LLC}, 2018




Name:

Date:

Topic:

Class:

Mdain Ideas/Questions

Notes/Examples

IDENTITY
MATRICES

P———

¢ The identity matix, denoted A is a square matrix, that
when multiplied by another matrix, equals that same matrix.

o If Ais annxn matix and 7is an n x n identity mairix, then

P”I-':‘A and I'A"}A'

* Anidentity matrix contains 1's along the main diagonal and 0’s for
the remaining elements.

2 x 2 Idenfity Matrix: 3 x 3 ldentily Matrix:

ST B A E]

INVERSE
MATRICES

e Two nx nmatrices are inverses of ecch other if and only if

Al proguck (in bot o rdecs) 15t deahly

e If mairix 4 has an inverse, denoted as E) , then QB 7;1

o R

LAV

Determine whether the pair of matrices are inverses.

-t 2, [52
ID:B[ sLB Lza—!. AA=[5+6 \0»\0]
[‘3 ~i5 ws] [‘5&3 6-5

109 -]

2. R= 5 3 8 = -6 2
4 -2 16 -5

® Cina Wilson [All Things Algebra®, LLC), 2018



3. C:[_3 2],1)[
4 8 ~

1

4
1

8

1

16
3

32

I][]ES AN Not all matrices have an inverse. Matrix 4 does not have an inverse if
INVERSE EXIST? tre dektrminabtt (A = O
a b 4 1id —b
Iverse of tas[t 2] then a1 7] qanere 4]0)

2 X2 MATRIX

Find the inverse of each matix, if it exists.

a. [ 4 ;‘}

. V13
ﬁ‘*‘é[@h\]

(

©
2
3

Wl= 1266

s[5 7

il -8+4%=0

No |nverse

3

-5 -9
10 -6

|

® Gina Wilson {All Things Algebra®, LLC), 2018




Name: Unit 10: Systems and Matrices

Date: Per: Homeworlc 6: Determinants & Inverse Matrices

** This Is a 2-page document! **

Directions: Find the determinant of each matrix.

1. 7 =12 2 6 -5 3 -3 4
-1 -7 11 -2 8 10

/7 -4 3
4. -1 2 2
-2 5 3

5. Triangle DEF has vertices D(4, -3), E(-2, 1), and F[-9, -6). Find the area of the triangle.

6. Gila's house is eight miles south and two miles east of her workplace. Her fithess center is three

miles north and one mile east of her workplace. Find the area of the land formed between
these three locations.

Directions: Determine whether each pair of matrices are inversss.

2

7'XZB 42}’}/:3 31
- o 1

2

@ Gina Wilson [All Things Algebra®, LLC), 2018




- 5
-3
® P:E —65}’Q: 72
L 4
2
50 2 7 10 -4
9.C=|-1 2 -1|,p=|-12 18 -7
6 5 6 -17 25 -10

Directions: Find the inverse of each matrix, if it exists.

10. [_4 6}
4 -7

1 -4
1.
0

35
13.
2 o

@ Gina Wilson [All Things Algebra®, LLC), 2018




Name:

Date:

Tople:

Class:

Main Ideas/Questions

Notes/Examples

COEFFICIENT
MATRIX

Linear System Coefficient Matrix

x—-5y=9
—7x+2y=-30

-
-3 2

solving Systems with
CRAMER'S RULE

(Two-Variables)

Cramer’s Rule, named after the Swiss mathematician
Gabriel Cramer, uses the coefficient matrix and determinants
to solve a system of linear equations.

ax+by=¢ a

s Civen { ,let 4 =[ ﬂ (the coefficient matrix)

ex+dy=f 4

e If|l4l =0, then the system has a unique solution given by:
e b

Note: If the determinant of the coefficient matrix equals O, then the
system does not have a unique solution. It has either no solution
ofr an infinite number of solutions.

Use Cramer'’s Rule to solve each system of equations.

bx+y=-22
~3x—-2y=17

EXAMPLE 1: ﬂ«.—.{-'\ 57 \nls 2-35:-23
x—5y=9 N | ‘i"\
{—7x+2y=—30 q -5 \g ~150 \[ \..7« ~30 30 +63
X‘":_. \ 9 . —— \ = -53
38 = -3 33 a3
- T T 2 22 p-
5 - ()
E——
| EXAMPLE 2:
{2x+6y:38
x+y=-3
EXAMPLE 3:




ax+by+ez=j a b c

SOMng SUSTGmS W”h o Given {dv+ey+ o=k, let A=|d e f| (the coefficient mairix)

CRAMER'S RULE s bor ot

[Three-Variables)

o |f |4l =0, then the system has a unigue solution given by:

j b c a j ¢ a b j
k e f d k f d e k
[ h i g 1 i g h I
xsz y: R E— ondZ: —_—
| 4] | 4] | 4]
Use Cramer’s Rule to solve each system of equations.

EXAMPLE 4:

—x+7y—2z=-14

2x+y+9z=43

3x-5y+2z=2

EXAMPLE 5:

3Bx-y+z=-23

x+2y-72=63

Sx—-6y—2z=-14

© Gina Wilson (Al Things Algebra®, LLC), 2018




EXAMPLE 6:

—x+4y+z=-26
Bx+3y-2z=-19

~2x—-y+9z =32
EXAMPLE 7
x—y—-z=9
4x-1ly+2z=12
—x-7y+9z=-41
EXAMPLE 8:

~Sx—2y+3z=-50
2%—y+6z=-34
—x+4y—z=-6

@ Gina Wilson {All Things Algebra®, LLC), 2018




Name: Unit 10: Systems and Matrices

Date: Per: Homework 8: Solving Systems with Cramer’s Rule

** This is a 2-page document! **

Directions: Use Cramer's Rule o solve each system of equations.

1 Ax+6y=22
" |-3x-8y=-41

2 —2x+ 5y =-51
| 7x-y=30

Px+4y=14
“18x+11y=-27

X+3y—-z=-7
4, <5x-2y+3:z=48
—2x+y—4z=-3]

@ Gina Wilson [All Things Algebra®, LLC), 2018



3x—y+2z=-27
5. 9-4x-2y+z=23
x+5y—-béz=11

2x+7y-3z=-1
6. <bx~y+5z=235
~x+4y—-z=-17

7. At the beginning of baseball season, three coaches bought extra supplies for their seasons. The
Braves' coach ordered 2 bats, 8 balls, and 5 gloves for $300. The Marlins' coach ordered 3 bats,
5 balls, and 4 gloves for $310. The Asiros' coach bought 1 bat, 9 balls, and 7 gloves for $314. Use
Cramer's Rule to determine the price of each item.

@ Gina Wilson (All Things Algebra®, LLC), 2018
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Name:

Date:

Topic:

Class:

Main ldeas/GQuestions

Notes/Examples

MATRIX
EQUATION

e A system of linear equations can be written as a matrix equation:

a1 ALl

INVERSE
MATRICES

-1 1
Y= f |a b RE: e ‘ -
H ﬁ){:,ﬁ‘g ° 'fA—L },X—L},Ond B_.[f},’rhen H?( P) .
X:A b ¢ Therefore, X - ﬁ'l % .
SOMHQ SUS TemS W| Jm S;ps to solve a system using inverse matrices:

Write the system as the matrix equation, 4X = B.

@

Find 41, the inverse of the coefficient matrix.

€ | Multiply 4, by the constant matrix; B. (X = A4-'B)
Use an inverse matrix o solve the system of equations.
EXAMPLE 1: 3 =0T |p|=7+20-37 i
7x+5y=-14 [’(v \ ‘3 i L,z_t;' hwl- 1 - } /3%
{ﬁ6x+y=—25 B 51—& s 5?' 1/5
L ,‘;
953‘# 54[1[]
6
EXAMPLE 2:
{12x+1]y=-35
—8x -5y =21

1-
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EXAMPLE 3:

{6x+8y:_16
S5x+3y=-28
| EXAMPLE 4:

2x+y—z=-16
3x+4y—-2z=-28
x+6y—3z=-17

EXAMPLE 5:
—x+5y—-3z=-40
7x-2y—z=27
2x—y+bz=-5

EXAMPLE 6:
—4x-3y+52z=8

x-2y—-13z=-29
S5x-%y+2z=53
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Name:

Date:

Per:

Unit 10: Systems and Matrices

** This Is a 2-page document! **

Homework ¢: Solving Systems with Inverse Mafrices

Directions: Use an inverse matrix fo solve each system of equations.

1 3x—-7y=-33
" | 2x+4p =20

g [x—5y=-35
" |8x+3y=58

3 bx+y=-21

T -1+ 9y =59
2x-3y+z=19

4, -4x+2y-5z=-25
7x—y—-3z=22
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x+4y-8z=47
5. 1-3x-2y+5z2=-46
2%x+5y—-38z=29

bx—-3y—4z=29
b. <-2x+2y-z=4
-x+4y+3z=22

7. The local theatre performed a Saturday matinee to a crowd of 215 people. Tickets cost $11 per
child and $15 per adult, bringing in a total of $2877. Use an inverse matrix to determine the
number of each type of ticket sold.

8. Myles had 103 coins in a jar - all nickels, dimes, and quarters. If the total value of the coins is $15
and he has three more quarters than dimes, use an inverse matrix to determine the number of
each type of coin.
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Name:

Date:

Topic:

Class:

Main ldeas/Guestions

Notes/Examples

AUGMENTED
MATRIX

The augmented matrix of a system of linear equations uses the
coefficients and constants of the equations written in standard form.

Linear System Augmented Matrix

7 -+ \ *"Zg.

2x—7y+z=-25
wn |53 3
_ 7=

g S - 1

ROW-ECHELON
FORM

A system is in row-echelon form (or triangular form) when
the last equation contains just one variable, each equation
above contains the variable(s) betow and an additional variable,
aond the leading coefficient of each equation is one. Give the
corresponding augmented matrix of the row-echelon system below.

Augmented Matrix in
Row-Echelon Form

Linear System In
Row-Echelon Form

Ll

=2y +5z=-29 ) -2 5 -27
y—bz = 2; o 1 -b 2.6

o O 1 -3

Row-echelon form is convienent because the
remaining variables can be solved by back-substitution.

ELEMENTARY

Row Operalions

The fdllowing operations, called elementary row operations,
produce equivalent systems and can be applied to an
avgmented matrix to transform it o row-echelon form.

e Inferchange any tworows.
o  Mutiply arow by a non-zero constant.
+ Add amultiple of one row to another.

GAUSSIAN
ELIMINATION

The following process of solving a system of equations is known
as Gaussian Elimination, named after the German mathematician
Canl Friedrich Gauss.

Write the system as an augmented matrix.

Transform the matrix to row-echelon form using elementary row
operations.

Use the row-echelon form of the augmented maitrix to rewrite the
system of equations.

&S 0 e

Use back-substitution to solve.
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Use augmented matrices and Gaussian elimination to solve each system.

@ R% “'F‘f» Ra‘

wk&» Z}jwq%; -59

EXAMPLE 1:
! 2 _q ‘SGI % \.‘4"2: = \7—
x+iy:5])22=ﬁ59 o | 4 12 i .
s o -3 12 34
® Ry + 3R R3 g+ 45) 1
L \j,\,y_o‘;‘-—\‘}'
@ ‘ Z "cf "SCI \ﬁc'.g
Ty ) Y \2
R B 11 2
o Y 12f|k° o ¢ 2 20-8)-4(5)z 57
| ~f 3 25 © %;\Rﬁ‘;?Rg —_ X - Lo~ yo=-51
h 2 -4 ¥ ~g1 =51
o | 4 |z Y= 2
o © |\ 5 |
('7.,‘—-8,5‘>J
EXAMPLE 2:
x-y+4z=6
x+y—2z=-14
x+2y+dz=464
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EXAMPLE 3:

4x -4y +8z=12
x=2y+z=11
—x+y—3z=-1

EXAMPLE 4:

3x+6y—12z=—-42
—x—-y+2z=9
2x+y+ 4z =29
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EXAMPLE 5:

2x-8y-6z=10
X-2y+z=-19
x—y—4z=25

EXAMPLE 6:

—x-by+2z=28
x—4y+3z=32
2x+3y—-z=-5
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Name:

Date:

Unit 10: Systems and Matrices

Per: Homework 10: Gaussian Eimination

** This is a 2-page document! **

Directions: Use augmented matrices and Gaussian elimination to solve each system.

x+y-3z=11
1. <2x+y+z=-4
x+5z=-19

-3x+3y+%z=-30
2. {—x—2y+3z=-31
2x—y—4z=19
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4x—4dy+4z=-4

3. {dx—y-2z=-1

-3x-3y-4z=-16

4,

2x+4y—-22=38
~x+2y+3z=1
x-3y—-5z=38
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Name:

Date:

Topic:

Class:

Mdin Idedgs/Questions

Notes/Examples

GAUSS-JORDAN
ELIMINATION

(reduced row-gchelon form)

By continuing to apply elementary row operations to the
row-echelon form of an augmented matrix, you can write
the matrix in reduced row-echelon form:

e

This is useful because back subsitution will not be needed.
Once a matrix is in reduced row-echelon form, we know that
x=a,y=>band z = ¢. Transforming an augmented matrix to reduced
row-echelon form is called Gauss-Jordan elimination, named after
Carl Friedrich Gauss and Wilhelm Jordan.

o QO —
O = O

0
0
|

o o R

Solve each system by Gauss-Jordan elimination.

EXAMPLE 1: ® R-R, 2R ® 4Ry 7R3
x+y—z=-6 \ | - -b | Lot -l
2x—-y+z=—3 & -4 3 q 0 (o~ _3
_x—S:]lz/—3z:—]4 - _5 -3 LY ( 5 0 \ Ll
. @ ";%ﬁg_"‘?\z‘l é’ @ Kz A E% ..qg.‘,_
Vsl VoL e
_ w1 o |\ -\ "3 :9 | O {
|| — | ";’ a5 -3 - o o
2 -0 b
o D) @z R 7 Rg‘ @ Ry +~Ra¥ ¥
W 5 R S ey 2 ) O -2
L o t -\ -3 | &\
-4 ~20 o ! L
ﬁ
(5 ITZ i‘ﬂ%j -i?:a N R~ 2
o U -l -3 IOO\ % --\3
o O -3 -3% o o \ Y
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EXAMPLE 2:

2x+2y—-6z=0
x—-3y—z=30
—Xx+2y+5z=-26

EXAMPLE 3:

3x~12y—bz=-27
—X—-y+2z=-]
x-Sy—~z=-15
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EXAMPLE 4:

x+2y-3z=-14
—2x+4y+8z=-32
3x—y+4z=-19

USING THE
CALCULATOR

Ox—by+z=-7
4x—y—7z=—49
-x+3y—10z =-61

Ty Wit

Ve

Use the steps below to solve the sysiem o the left.

Step 1: Press 2ND then x1, and arrow over to EDIT.
Choose a matrix to edit. Input the augmented
form of the system. Then, hit 2ND then MODE fo quit
and return to the main screen.

Step 2: Press 2ND then x}, and arrow over to MATH.
Choose Birref( and press ENTER.

? P
LT A R
kP

Step 3: Press 2ND then x-1, choose the matrix from
the NAME menu, then press ENTER.

Frer(TATON

Step 4: The matrix is now in reduced row-echelon
form. What is the solution?

et AT 2
18 -
81a -1
a1l &
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SPECIAL
SOLUTIONS

From previous lessons, you know that not all linear systems have a unique
solution. Linear systems can also have no solution or an infinite number of
solutions, The row-echelon form of a linear system can reveal whether it
has one solution, no solution, or an infinite number of solutions.

M0 0 -7 The matrix is written in
reduced row-echelon
ONE SOLUTION 8 (1) 0 23 form with 1's along the
L T -3 diagonals and O's.
10 20 A tains th
row contains three
NO SOLUTION 01 -20 zeros, then a number.
00 0 5
INFINITELY 1oz
MANY SOLUTIONS 2 ; 2 g A row confains all zeros.

EXAMPLES

Using your calculator, determine whether the system has one solution, no
solution, or an infinite number of solutions. Give the solution if if has one.

—7x—-8y+7z=31
5.¢2x-3y—-2z=-9
—4x+8y+4z=40

-3x+3y-2z=-12
6., {4x+5y—-52=—33
2x—4y+ 5z =21

—2x+2y-2z=-2
7. 3-3x—5y+5z=-19
3x-5y+5z=-1

bx+4y—5z = - 31
8. <5x+4y+5z=-14
2x—-2y—-5z=-27

Sx—4y+4z=-34
9.<5x—y—22=14
Bx+3y+2z=24

—2x-5y+2z=-3
10.:-3x-5y-7z=-37
—x—4y+7z=18

x+y—dz=-11
1. {—x+y+52=-30
2x-2y+8z=12

~Bx+5y-3z=-2
12.{5x -y -5z =
—3x+4y+5z=-5
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Name: Unit 10: Systems and Matrices

Date: Per: Homework 11: Gauss-Jordan Elimination

** This is a 2-page document! **

Directions: Solve each system of equations with Gauss-Jordan elimination. Verify your answers
using the calculator.

3x+4y+2z=37
1. {-2x+y+3z=-15
4x+ 5y +z =51

—x+3y+z=16
2, {2x—2y+z=-13
x+4y+3z=16
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—5x+10y+ 20z = -35
3. {2x-3y~bz=5
—3x+6y+152=0

Directions: Using your calculator, determine whether the system has one solution, no solution, or an

infinite number of solutions, Give the solution if it has one.

~dx+y-2z=16 Ox=3z=4

4, ix-8y+bz=-27 ~2x+y+bz==-12
~5x~3y+4z=1 —-2x -3y — bz =-30
Sx+by+z=27 —x =8y +2z=-20

6. {4x-2y+4z=24 ~3x -8y +6z=-10
3x—2y-5z=-23 ~x+2y+22=158
-4x+3y-32z=30 3x-2y-z=-26

8, {2x+3y-~3z=24 x=8y+7z=-10
3x—-y+z=-10 S5x+3y+5z=-24
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Name: Date:

Topic: Class:

Main ideas/Questions | Notes/Examples

A rational expression can often be written as the sum of
P AR'" AL two or more fractions, called the partial fraction decomposition.

Px+12 6 3

FRAGCTIONS A Bra2 x+2 xl

The individual fractions are called 'i\)(&("‘h\ft\ 'QI‘CLU{-\ o S

A rational expression is proper when the degree of the
numerator is less than the degree of the denominator.

DEGUMPUSI NG Follow the steps below to decompose the expression LOx*2

x*+6x+8
Proper Raliond -

EXFWQ@@]OH@ @ | Factor the denominator. X'z‘. _4’&}& +8’ - &+q)&+2)
Write the expression as the sum |
(7] of two fractions, using 4 and B as 3\442 [ﬁ} B
the numergtors and the linear - = ")'{': A
factors as the denominators. X+t MY K2

9 Eliminate the denominators by

mulfiplying by the LCD. Ixx2. = f—\&*-‘l) + \?;(_,LA—L—O

20+ 22 Bx+2H B+ 4B
€ | Distribute and group like terms. 3x+2z Ax 4+ Prt+ 25 +

242 = (M) 4 (ZA+Y B)

Write a system of equations to Pr"" B':' A
find 4 and B. -
286+H45%H= 2
Solve the system using a . )
6 method of your choice. 13
2 4 2

5 (5 -2)

Write the partial fraction S 9.
€ | decomposition of the —
expression. KR s
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EXAMPLE 1:

7x~-15
¥ -9

Find the partial fraction decomposition of each rationat expression.

EXAMPLE 2:

~7x -9
2x* —7x+3

EXAMPLE 3:

~5x* +19x+12

x*—2x* - 3x
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EXAMPLE 4:

—8x?-31x+75
x* +2x* - 25x 50

EXAMPLE &:

12x% +67x+7
16x° —32x% —x+2
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Name: Unit 10: Systems and Matrices

Date: Per: Homework 12: Partial Fractions {Day 1 - Proper)

** This Is a 2-page document! **

Directions: Write the partial fraction decompaosition of each rational expression.

1x+10 2x—4
P dr_10 2 S
X +4x-12 x*—8x+7
2x+17 PR
T k412 "y —4x-5

@ Gina Wilson (All Things Algebro®, LLC), 2018



3% +47x - 60

T x® - x*—30x

26x% 4+ 47x - 21

"3+ 20x° —Tx

7.

¥ -17x-6
X" —dx—4
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Name:

Date:

Topic:

Class;

Main Ideas/GQuestions

Notes/Examples

DECOMPOSING

IMproper Raliond

» Arational expression is improper when the degree of the numerator is
greater than or equal to the degree of the denominator.

» If arational expression is improper, you must use long division first to

EXp]’Q@@iOH@ rewtite the expression as the sum of a polynomial and proper expression.,
Find the patial fraction decomposition of each rational expression.
. =
—x> 4+ 8x+5 - Q'xi - %) NG A %3 |
4+ +O
x* +x Ak Qs 5 ;A(}(H)*’*"BX
_ G q 45 - . X
Xt R D52 At A+B
A2 K

e § = Ascs-Bx +A
il = (A +B) A

5
<“‘+;*,2;; & _MBET s ped

EXAMPLE 2:

7x* + 50x 108
¥ +éx-16

EXAMPLE 3:

3x*+7x-20
¥ —25
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EXAMPLE 4

2x° - 30
2 rx’-9%-9

EXAMPLE &:

X —8x* +x+26
¥ —4x-12

EXAMPLE 6:

X +3x2-27x-36
2 +x-12
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Name: Unit 10: Systems and Mattices

Date: Per: Homework 13: Partial Fractions (Day 2 - Improper)

**This Is a 2-page document! **

Directions: Find the partial fraction decomposition of each rational expression.

2% +9x — 47 2 —5x% +3x+280
" x+3x-10 ) x* — 49
Ox? +14x-29 3x* -43x+134
3 L raxoe 4. =%
x+x—2 x°—10x +24
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5.

4x* + 375" +29x +38

X +8x-x-8

6.

2 —3x* —19x+ 43

x—-8x+15

7 x +10x% +13x— 68

x* +11x+28
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Name:

Date:

Topic:

Class:

Main Ideas/Questions

Notes/Examples

REPEATED

Linear Faclore

If the denominator of a rational expression has a linear factor that
repeats » times, then the decomposition must include o partici
fraction for each factor from the 1¢t power through the #'h power.
—6x+22 —bx+22 A . B
¥ -8x+16 (x—-4Y x-4 (x-4)

Example:

EXAMPLE 1:
-x—-12
x* +14x + 49

Find the padial fraction decomposition of each rational expression.

EXAMPLE 2:

—2x+16m
x* —10x+ 25

EXAMPLE 3:

12x—-15
Ox* —12x+ 4
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EXAMPLE 4:

54" +6x-1
42 +x

EXAMPLE 5:
40x* —74x+27

16x° — 24x* +9x
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EXAMPLE 6:

2t -Tx-2
x4 dx 4

PRIME

Quadralic
~aclore

If the denominator of ¢ rational expression contains d prime quadratic
factor, then the decomposition must include a partial fraction with @
linear factor of the form 4Ax + B for each power of the factor.

x2+x—]2= ¥ +x=12 =Ax+B+Cx+D
H 430242 (PN 1 K2

Example:

EXAMPLE 7.

-3 +x-12
x4+ 4x

EXAMPLE 8:

x? -4
x =75 +10
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EXAMPLE 9:

—x* 4
' —A4x* + 4

EXAMPLE 10:

5x +8x +31
P +2x +3x+6

EXAMPLE 11:

4x* —9x* —25x + 57
-2 -7x+14
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Name: Unit 10: Systems and Matrices

Homework 14: Partial Fractions
Date: Per:
(Day 3 - Special Case Factors)

¥ This Is a 2-page document! **

Directions: Find the partial fraction decomposition of each rational expression.

—4x+15 Ay + 4
1 2, ——
x—4x+ 4 T16x° —8x+1
10x* +30x +18 5x*—2x+35
3. 4 ——
X’ +6x" +9x X +7x
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-2x* +20 6 7x° + 46

x4 " xt+10%2 +25
7x2 - 87x -+ 265 8 —3x3 — 55 ~ 30x ~ 52
¥ —12x+36 17 ®+2%2+8x+16

© Gina Wilson [All Things Algebra®, LLC), 2018




Name:

Date:

Topic:

Class:

Main [deas/Questions

Notes/Examples

SEQUENCE

B Set of numbers wmt a pacticwldr ord]
or padern. Ech womher 1< called i teem.

FINITE

Decuence

A sauente wiin a Uimded aumber of ftrms

Example: 5\ 2,3, Y S‘g
INFINITE A sequence with_an_wlimded avtnbe of Hoxms o no
Sequence | Example: 50, 1,2,3,45" 3

1 cwhele kS

TERM
NOTATION

o The first ferm in a sequence is deno’red &, .

¢ Each subsequent term is denoted &n» . where VH" is the
term numkbkerin the sequence

20, 25, 26,29, 32, 35, 3&, 4/ .
Example: Given{2, 5,8, 11, 14, , f lden’rlfy the followmg ’rerms
a 2 as \L{ ay 25 a, L”

Sequences de

FUNCTIONS

Since each term value is paired with exactly one ferm number,
a sequence is-a function with the following properties:

<he domain is the set of 1 efﬂj} HU[],{]QQ rﬁ

| 2

3 4

8 11
CThe range is the sef of 4€.ren valdes

In an infinite set, the domain is the the set of V\@J('U fOL( I’\‘-ﬂ’ﬂb@’(f

5
14

2

5

"

RECURSIVE

Formulos

B yle g whiidh Bne oy vivere Wfd\/&"lﬂrmj

At ved o WWM’F Jerm

The FlbonacmSequence O ( 2— 3 S 8 |3 2—( %L(

In this sequence, a =0, a, = 1, then for eoch subsequen’r ’rerm,

On = Qu-y * Rz

Directions: Give the first 5 ferms of each sequence.

EXAMPLES

1.a=25 a=a_,-7 (n22) 2. a=-2 a,=3a, ,+1 (n22)

2,25: 8, | \%:"SE

end,
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3.4 =40 a = %an_] ta, (n=2)

4. 4=8a =10 a =22 (n=3)

n—2

Directions: Write a recursive rule for each sequence. Then find a,.

5.{9,13,17,21,25, ...}

6. {1, 3, 8,2260,..}

EXPLICIT

Formulos

B oyt in whath e v derm i defined of

& Sonehon o n

EXAMPLES

Directions: Give the first 5 ferms of each sequence.

7- au ﬁsn"l".l [3]““1
8. a,=|=
2
9. :_}_1...:.1. 10- anm\f.?:gi;
" on+2
11| 61"‘5713“"(”=])2 120 Cl"ﬁﬂl“"d-

Directions: Write an expliclt rule for each sequence. Then find a,,.

13. {1, 4,9,16,25,...)

14. {9,11,13,15,17, .}

EXPLICIT VS.
RECURSIVE

Ruleo

Directlons: Write an expliclt and recursive rule for each sequence.

16, {4,7,10,13,16, ..}

1.3 .45
10"’"’::""’"1 T Y
6 {2 ! 2 2 2 }

Explict: (1, = 5“+\

Explicit:

Recursive: (), =Y :) Q= R - 43

Recursive:

Ca22)
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Name: Unit 11: Sequences and Series

Date: Per: Homework 1: Infroduction to Sequences

**This is a 2-page document] **

Directions: Give the first 5 terms of each sequence.

l.a=17,a =a_+13 2. a,=%;a3=~2aﬂ4-5
3. a.l = “ha=3a,=a,4q, b ay=3,a,=7;0a,=0a,,+2a,
Directions: Write a recursive rule for each sequence. Then find a,.
5. {7, 21, - 63, 189, ~567, ... 15,9 .3
{ re ! ! d } 6. {“é".r 6, 5 3 Er}
7. {1 2, 6, 24,120, ...} N {4, 8 6, 7’%"}
Directlons: Give the first 5 ’refms of each seqguence.
9. a"—‘zﬂ—3ﬂ+7 10. a,,=—]—n—4
2
1
1. a, = 4 12, a, = 6n?
n+5
_(n+1y 7 7 _ 344
18,0, == . a,= 2oy
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Directions: Write an explicit rule for each sequence. Then find a,.

15. {4, 7,12, 19, 28, .}

1. {-23, -2, =19, <17, -15, ..

-}

4 9 16 25

Directions: Write an explicit and recursive rule for

each sequence.

19. {2, -6, 18, —54,162, ...}

20. {-3,2,7,12,17, ...}

Explicit: Recursive:

Explicit: Recursive:

21. Elan makes time every day at the end of basketball practice to work on his free throws. During
one week, he makes 11, 15, 19, 23, and 27 throws. Assuming this sequence continues, find the

recursive and explicit rules.

22,

A florist is selling roses in preparation for Valentine's Day. Their sales on the first five days are 3, 9,

27, 81, and 243 respectively. Assuming this sequence continues, find the recursive and explicit

rules.

23.

Rachel's friend was pushing her on a swing while another friend measured her path. On the first

swing, she traveled 32 feet. On the second swing, she traveled 16 feet. On the next
consecutive swings, she traveled 8 feet, 4 feet, and 2 feet. Assuming this sequence continues,

find the recursive and explicit rules.
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Name: Date:

Topic: Class:

Main Ideas/Questions | Notes/Examples
ARITHMETIC 1t sopvence m winch Hre dilference. bebwean
SEQUENGE Y wo conseutive WWLSU o osnShent

COMMON  11h. nowaricod  dufforente  bghweon Any fwo
DIFFERENGE | tevmS . vt able =

Directions; De’rermlne the common difference, then find the next four terms

of the seguence.

1. {29, 37, 45, 53, 61, ...} 2. {~7,-10,-13,-16,-19,...}
EXAMPLES |

3. {2511, ~3,~17, =31, ..} 4, {-12,7, 26, 45, 64, ...}

_ The nthterm of any arithmetic sequence can be found using the formula:
ARITHMETIC | )
SEQUENCE O dln~\) +,
FORMULA where a1 s the £ st Yerm and

ds the _AOWA MOV oUl\{%orefr\(..Q_}
Directions: Write a rule for each sequencs, then find the indicated term.

5 {7,13,19,25,3],..}; a, b, {4,-7, 18,29, - 40, ..}: a,,

EXAMPLES |57
&= L(n-1) +F

Qa= G-+t
an=6Gn+|
A - 6(32)+) @
7428, <1915, <11, ~7,.}; ay | 8 1=8,-5.5, -8, ~10.5, 13, ..} sty
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Directions: Use the information given to find the indicated value.

9. If =29 and d =7, find a,,.

10. If a,, =-156 and d =-9, find a,

1. ifg, =11 and a,, =107 find 4.

12. If ¢, =5 and a, =199 find q,,.

18. If a, =—76,a =-21,and d = -5,
find n.

14, If g, =310, 4/ =15, and d =13,
find n.

EXPLICIT VS.
RECURSIVE

Jelnuloge

Directions: Write an explicit and recurs

ive formula for each sequence.

15. {-19,-17, =15, =13, 11, ..}

16. {37, 31,25,19,13, ...}

Explicit:

Explicilt:

Recursive:

Recursive:
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ARITHMETIC
MEANS

The derms  befweon G4 Ao non conse ehire
UMy W an ardanenc cegutncl,

For example: Given the sequence {2, 8,14, 20, 26, 32, ...},
the arithmefic means between 8 and 32, are

iYy,20,2

EXAMPLES

Dlrectlons: Find the indicated arlthmetic means for each set of

noenconsacutive terms.

17. 50 and 118; 3 means
550, 5 — , —, 11
&1:50 Qg-z\la
18=a(5-1) +50

[(g=Hd 50 .
d=3 (ehsio

)

18. -16 and -58; 5 maans

19. 17 and 5; 7 means

20. 2,265 and 3,570;: 4 means

APPLICATIONS

Week | Weight
1 256.3
2 254.6
3 2529
4 251.2

21. A theater has 35 seats in the first row, 39 seats in the second, 43 seats in
the third, etc, Write both an expliclt and recursive formula to find the

number of seats In the nih row,

22, Ryan weighed himself ot the end of each week into his new diet, The
table o the left shows his weight ot the end of each week for the first
three weeks of his diet, Write an explicit rule fo find his welght n weeks
into his diet, then find his welght ofter 16 weeks.

23. On Anna's first birthday, her grandma gave her a check to open o
college savings account. Her grandma continued to send checks on her
birthday, aach at the same amount. At 7 years old, Anna's grandma
had given her a total of $610. At 18 years old, Anna's grandma had
given her a total of $1,270. How much money did Annd's grandma give

her on her first birthday?
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Name:

Date:

Unit 11: Sequences and Series

Per: Homework 2: Arithmetic Sequences

** This Is a 2-page document! **

Directions: Determine the common difference, then find the next four terms of the sequence.

1. {31, 22, 13, 4, -5, ...}

2. {14, 27, 40, 53, 66, ...}

3. {3, 7.5,12,16.5, 2], ...}

Directions; Write a rule for each sequence, then find the indicated term.

4.{-2,1,4,7,10, ...}; a

5. {52, 44, 36, 28, 20, ...}; a,

6. {-27,-16,-5, 6,17, ..}; a,

7.{19.2,17.4, 156, 138,12, ..} a,

Directions: Use the information given to find the indicated value,

8. If 4, =83 and d =—7, find a,.

9. If a, =—54 and d =2, find a,

10. If ¢, =104 and a,, = 328, find 4.

1. If ¢,=-12 and a,, = -42, find a;.
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12, If 4, = 20 and a,, =-118, find a,,. 13. If a, = 2988, a4 =-12, and d =100, find n.

Directions: Write an explicit and recursive formula for each sequence.

14, {205,218, 211, 204,197, ...} 15. {-6.7, = 5.4, — 4.1, - 2.8, -1.5, ...}

Explicit: Recursive: Explicit: Recursive:

Directions: Find the indicated arithmelic means for each set of nonconsecutive terms,

16. -357 and -297; 4 means 17. 512 and 360C; 7 means

18. 74 and 98; 3 means 1%9. 2 and -1; 5 means

20. Nathaniel counts his newly sprouting crops at the beginning of each day. He counts 3 new
crops of the first day, 9 new crops on the second day, 15 new crops on the third day, etc. Write
-the explicit and recursive formulas to find the number of new crops on the »h day,

21. Amy reached the peak of her marathon training and begins a taper, where she decreases
mileage each week. On the 15t week of the taper, she runs 65 total miles. On the 5" week of
the taper, she runs 31 miles. Determine her weekly mileage for weeks 2, 3, and 4.

® Glna Wilson [All Things Algebro®, LLC), 2018




Name:

Date!

Toplc:

Cleiss:

Main [deas/Questions

Notes/Examples

GEOMETRIC | sequenco w whidn te cavo  bebrveet
SEQUENCE  [jny 2 conseevbive torms o5 conSlaat
COMMON the newwnced vato behneeoon any e
RATIO MamSe vaciable —y
Directions: Determine the common rafio, then find the next three terms of
the sequence.
1. {8, 24,72, 216, ...} 2. {512,-128, 32,~8, ..}
EXAMPLES
3. {-6.4,~16,~40,-100,...} 4, {=% 81 279 }
3216 8’4"
The nih term of any geometric sequence can be found using the formula:
GEOMETRIC R
SEQUENCE Qn = ¥
FURMULA where m is the 'IL\YS’\" - e and
ris the _(CoMmvacv__ cado
Directions: Write an explicit rule for each sequencs, then find a;.
5. 13,12, 48,192,.. 4. {=2400, -1200, - 600, 300....
EXAMPLES  |* 4 | !
On= 5 L{
Og=
Qg = 5
LlC[ 5
_ 8. {~100000, 20000, - 4000, 800,...}
7. {3_6. 7’ 7, =42,
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9. {6400, - 4800, — 3400,- 2700,...}

]

10. {—
2

;-

.z
‘2772

M| Lo

IXEL

Directions: Use the information given to find the indicated value.

1. If @ =240 and r =-2, find a,.

12. If a, =-8 and r=4, find a,,.

13. If a, :% and r:%, find .

1. If 4, =g and rz—%, find a,.

15. If ¢, =2 and a, =486 find q,,.

16. If q,

75 75
:E Qnd a;, :—@-, f[nd a,.

EXPLICITVS.
RECURSIVE

Bhndass

Directions: Write an explicit and recurs

ive formula for each sequence.

17. {2, - 10, 50,~ 250,...} 18.4-4 2 11
5 "5 T3
Explicit: N-\ Explicit:
QV\”—'- 2("‘5)
Recursive: (k= 2. Recursive:

Onz =5 Gyt (W22)
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GEOMETRIC
MEANS

AV MS w m.®0wmﬁwc 49mv&w&u

For example: leen the sequence {1, 3, 9, 27, 81, 243, ...},
the geometric means between 3 and 243, are C? \ 'Z;l‘, & I

the devms Hotweon any 2 nomceny uh v

EXAMPLES

Directions: Find the indicated geometric means for each set of
honconsecutive terms.

- EAD 156
19. fdnd 2500; 3 means _y _"_’_’;4}5‘0_2%(}[ 2.1 mean
= -H Rz ~2500
_Q-SOD': %L-kr-*
o5 =r"
-5

21. 243 and -72; 2 means 22. 960 and % : 4 Means

APPLICATIONS

Year | Average Bill
2014 $75.00
2015 $76.50
2016 $78.03

23. In 2009, Eva purchased a new truck for $45,000. Each year, the value of
the truck depreciates ot a rate of 18%. Use ¢ geometric sequence
formula fo find the value of Eva's fruck in 2017.

24, Garreft signed a new cell phone contract in 2014, The table to the left
shows his average monthly bill in 2014, 2015, and 2016. If this paitern
continues, use a geometic sequence formula to find his average monthly

bill in 2025,
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Name:

Date: Per:

Unit 11: Sequences and Series

Homework 3: Geometric Sequences

** This Is a 2-page document! **

Directions: Determine the common ratio, then find the next four terms of the sequence.

1. {18, - 108, 648, — 3888, }

2. {27,36, 48, 64, ...}

a%q4§
5

16
fo5t"

]

Directions; Write a rule for each sequence, then find the indicated term.

4.(-3,-9,-27,-8],..}; q

~18, 27,--8§]~,

243
4

100, 60, 36, 108 e (1 Oy
5

z{ }

Directions: Use the information given to find the in

dicated value.

8. If ¢, =2 and r =5, find a,.

9. If a, =9 and r =3, find a,.

10. If 4, =—7§{£ and r =—§-, find a,.

11. If ¢, =1 and r:%, find a,.
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12 ff a zg and a, = 48, find a,. 13. If @, =20000 and a, =625, find a,.

Directions: Write an explicit and recursive formula for each sequence.

a1l 1 s g . 15,02 3.9 _ 4
12’72 2 3

Explicit: Recursive: Explicit: Recursive:;

Directions: Find the indicated geometric means for each set of nonconsecutive terms.

16. 1 and 27; 2 means 17. -160 and —g ; 5 means

18. -6 and -26; 3 meadns 19. 243 and 147; 1 mean

20. In 2003, Eric started a new job with o yearly salary of $52,000. If the company offers a 2.5% raise
each year, use a geometric sequence formula to determine his salary in 2020,

21. A ball was dropped from a height of 125 feet. At each bounce, the ball reaches four-fifths the
height of the previous bounce. If this pattern continues, use a geometric sequence formula o
find the maximum height reached by the ball after its 5™ bounce,
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Name:

Date:

Topic:

Class:

Mdadin ldeas/Questions

Notes/Examples

SERIES

T sum of e 3ermS . d sequence

Sequence E'Z .Ll1 b, 8’; {L}[%‘ ‘?w”c,..@ gg,i c%"z_ﬁjz'\lum}

Series %7.%( ) &*Z’E g\l+9?l2¢lb+.\g z3 Z 11*’2%

PARTIAL SUMS

The Sum of a Specihied wmber of Jums in oo

Directions: Find the partial sum for each given sequence. &éﬁlb’w
1. {2,6,10,14,18,..}; find &, 2.{1,-2,4,-816,.}: find S,
22,26

‘Z;r-(o-rLO«E-l‘-\-H%’%?.?—*?,‘e?
5D
4

3.{.12358.}:finds, {] 1111 } find s
] r31912718.lf"’ N

5. a,=n"; find S, b a x-——g—— find S,
LR

7.a,=-3n+7 find 8, 8. a, =n’\/5; find S,

SUMMATION
NOTATION

A way 1o represent a series using the greek letter £ to denote the sum.

S1Gme.

[ \ast derm 4 >
- ]_)Z] 2n (G )
yst deron "=

Find the sum of the series above:

21N + 2(7,) +?~C5\ +~2_C\{5 +2C"5’) = 30
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EXAMPLES

Directions: Expand each series and evaluate.

9. i(n+ 5) 10. i(—]?n)
b+ T+ St G+ O+ t\2+13%

4 e 1A
. g(k%k) 2.3 [%—CJ

17
13. Z(Sa +7)
a=4

4
15. - 2.3 (22 +7)
4 &

16. 2-i(l—m)3

m=3
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Name: Date:

Topic: Cless:

Main Ideas/Questions | Notes/Examples

e som of an aYewele Sequence

ARITH METIG To find the sum of an arithmetic series, use the following formula:

SERIES o
* [s n(228r) }

where nis the iwmhey o dermS
aris the 'G\CS“— 4 m , and a. is the l AsH Wm

Directions: Find the indicated sum for each arithmetic series.
1. {7+10+13+16+..}; 8 2. {50+ 42+ 34426 +..}; S,

EXAMPLES | 5= 300 —1)+F = 30y
g = 30g)+H = 58

5= 15(32)

3. {(-4)+(-1.5) +1+3.5+..}; S, a {L{Mi}(uf_){ij..}: s,

¢

5. 3. (6k+1) 6. i(ﬂ2n —67)
YE =60+ = =
Qo ™ = HIO)+| =b|

SR EEIEET

S—
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7. 33 1) 8. 3,0-4)

17 38 3
9. >.(5/-27) 10. Z(—B—Emj
-4

=3

APPLICATIONS

Minute | Tickets
1 35
2 43
3 51
4 59

11. Mikayla is fraining for a marathon. She ran 2.4 miles the first day, 2.55 miles
the second day, 2.7 miles on the third day. If this pattern confinues, find
the otal distance she ran after 60 days.

12. Tickets for a concert opened up for sale online. The number of people
that purchased tickets in each of the first four minutes is shown in the
table to the left. If this pattern continues, and the concert venue can hold
a maximum of 75,000 people, find the number of tickets left after the first
two hours.

13. A brick retention wall was built such that the bottom row has 200 bricks
" and each row thereafter has 4 bricks fewer than the row beneath it, On
which row was the 3,000 pbrick laid?
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Name:

Date: Per:

Unit 11: Sequences and Series

Homeworlc 4: Series & Summations:
Arithmetic Series

**This Is a 2-page document| **

Directions: Find the partial sum of the given sequence.

1.{-9,-2,512,19,..}; find 5; |, {27 —=
! 4 f

103 49 93
2" 4

Cbifinds, [3a =g

" ope2' 0

|

Directions: Expand each series and evaluate.

4. i(z-sp)

15

5.2(7-8)

=1

6.

o1~

: i(Sm—mQ)

Directions: Find the indicated sum for each arithmetic series.

8. {29+ 25+21+17 +..}; S,

9. {13.1+18.7+24.3+29.9 +..}; 5,

10. {(-8) +(-2)+4+10+..}; S,

@ Ging Wilson (All Things Algebra®, LLC), 2018




21 14
12. 3 (5k +7) 13, (3~ 8¢)
k=1

eol

14, f[%f-@] 15, ﬁi(—h;x)

X=b

32 19
16. Z(lyemj 17. 3 (11h-6)
—\ 6 =7

18. Erin is making friendship bracelets for o fundraiser. She made 7 bracelets on the first day, 11
bracelets on the second day, and 15 bracelets on the third day. if this pattern continues, find
the total amount of bracelets made ofter 4 weeks.

19. Lance created a fower with playing cords. He used 63 cards on the bottom row, then each
row thereafter had 3 fewer cards than the row below it. If he used 6 cards on the top row, how
many cards did he use to build the tower? :

20, The Jefferson Theatte contains 2508 seats. If the first row has 12 seats and each successive row
has 4 additional seats than the previous, determine the number of rows in the theatre.
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Ncme:

Date:

Topic:

Class:

Main ldeas/Questions

Notes/Examples

GEOMETRIC
SERIES

e sum of « %;coww,‘w((, Seqventl

To find the sum of a geometric serles, use the following formula:

SY\m

- a,,(l-r@

\ -y

where ais the Viumbper o dermsS

a is the 'p\f“S“}' tervn

,and ris the _ L.0Mimon W‘\,{’lﬂ

EXAMPLES

Find the indicated sum for each geometric series.

1. {2410+50+250+...}; S,
a=2L rz5 nz=9

5(1 2(\ 5““3

2. {72+ (-36) +18+ (-9 +..}; S,

3. {(-4) +(-8)+(-18) +...+ (-16,334)}

4. {2500+ 2000 +1600 +... + 655.36}

5.3 3.(4)"

n=1

18
6, » 5.2
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9 ( .I J »-1 20 .l w—l
7. -%6-| — 8. > —-64 (——j
27713 23
9 3 7.3 10 y (-5)"
] f; ) x=5 Ea A
11. The grocery store started raising money for local schools. In their first
month, they raised $4,000. Each month after, they raised 1.5% more than
APP“GA‘”ONS the previous month. Find the total money raised in 4 years.
12. Amari invested $14,000 in a retirement account. The amount of
Year | Interest inferest earned in each of the first three years is given to the left. If she
1 $800 made no other withdrawals or deposits and the trend in interest
continues, what is the balance in her account after 30 yearse
2 $840
3 $882
13. Carol wants to be a milionaire. If she saves one cent on the first day, two

cents on the second day, four cents the third day, and so on, how many
days will it take her to save a miillion doliarsg
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INFINITE
GEOMETRIC
SERIES

Find the partial sums for each infinite series below:

g
o

e
33
(V

S 1934375 | Sa2l

A series that approaches a certain
sum is called o CONVERGENT SERIES.

%+1+2+4+8+.,.}
S) Y
S, 1.8
S 3.5
S, 3.5
S, 15.S
S, 3.5 Sa-¥<

A series that doeas not have a certain
sum is called a DIVERGENT SERIES.

o 11 4l &Y inen the series is mwgm%
. lfM, then the series is djww

Convergent Series
FORMULA

To find the sum of a
convergent infinite geometric
series, use the formula;

[ Sn =8, (I’EIF> }

EXAMPLES

Determine if the series is converent or divergent. If convergent, find the sum.

14. {2+ (-12)+72+(—432) +...} 15, {72+24+8+§+“} _:_Jf) L
e \ 3 J
r= (" divergent \ (onvergent
SnzF2( 7)) = (0¥
16. {(~180) +90 +(—45) +22.5+...} 17 {]+§+§+1_:§+ }
L4160 64T

19. Y 45-(-0.2)""
n=1
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Name:

Date: Per:

Unit 11: Sequences and Series

Homework 5: Geomeitric Series

** This is a 2-page document! **

Directions: Find the indicated sum for each geometric series.

1. {7 +(-14)+ 28+(-56) +..}; S,

2. {12.8+16+20+25+..}; §,

3. {5425+125+...+78,125}

4. {6400+1600+400+...+

25
16

5, i5(—3)”"

n=1

-3(4)"

i=1

7 3 o1
8.3 51 2(—]
c=1 4

12

9.3 -

m=4

(2

] w

]

1

10 k-1
10. Z 2700 (——]
k=3 3

Directions: Determine if the series is convergent or

divergent. If convergent, find the sum.

1. {(—32)+(—24)+(—18)+(-~2~2-)-7~J+...}

12. {2+(-6) +18+(-54) +...}
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13. {200+ 40+8+1.6+..}

14, {(—ﬁl?-
3

j+64+(—24)+9+...}

]

15. 2_15(2).#4 16 i 9[_2)1'::1
4=1 ' =] 7
) -5{1}#4 183 4(-4)"
= 2\3 =7 8
19. Analeigh earned interest from her investment account with the interest earned since opening
the account shown in the table below. Find the total amount of interest Analeigh will earn after
22 yedrs.
Year | Interest
i $60
2 $64.80
3 $69.98
20. Jonas was collecting donations during a football game. He ceollected $32 in the first minute,

another $28.80 in the second minute, and $25.92 in the third minute. If this pattern continues,
what is the total amount of money he will collect after a half of an hour?

21.

A loan payment is made such that the first payment is $5 and each subsequent payment is 10%
more than the previous. If the sum of payments made is $3,263, determine the number of loan

payments made.

22. Onits first swing, a pendulum travels 5 meters backwards then returns 3.75 meters forward. On
the next swing, the pendulum swings 3.75 meters backwards, then returns 2.8125 meters
forward. Approximate the total distance the pendulum travels, until it stops moving.
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Name:

Date:

Topic:

Class:

Mdin Ideas/Questions

Notes/Examples

Aritihnelic
ve. Geomelric

SEQUENCES

Directions: Determine whether the sequence is arithmetic, geometric, or
neither. If arithmetic or geometric, write an explicit formula fo find the

n'h ferm, then find a,.

1. {14, - 42,126, -378,...}

2.{1,-1 2, -2..}

3. {53, 44, 35, 26,...}

DY SERRERRI
4

4" 4" 4

6. {320, 80, 20, 5....}

7. {-145,-119,-93, -67,...}

8. {_1.8_, 5 o E,...}
25 5 73

Arilielic
Ve . Geomelric

SERIES

Directions: Determine whether the series is arithmetic or geometric.

Then find the indicated sum.

2. {18+25+32+39+...}: S

10. {3-15+75-375+..}; 8,
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11.{-9+(-14) + (-19) +(-24) +...}. S,

13, {13.5+9+6+4+..}1: 5,

12 56 76 32
T4, S+ om0
5 15 15 &

+...}: S,

Directions: Determine whether the se
find the sum, if possible.

ries is arithmetic or geomertric, then

15. f;(zs —ém)

=1

13
16. Y 5.2
y=1
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Name:

Date:

Topic:

Class:

Madin ideas/Questions

Notes/Examples

SEQUENCE

1. Alibrary book that is one day late is charged a $1.95 fee. Each day
thereafter, it is charged an extra $0.20. Find the fee for a book that is 35

days late.

APRRlICatIoNS
Hour | Milligrams
1 800
2 480
3 578

2. Tucker took an 800-milligram dose of medicine for his headache. The table
to the left shows the amount of medicine remaining in his blocodstream
after each of the first three hours. After how many hours will the amount of
medicine reach 50 milligrams?

SERIES

ARPIICations

3. Stocks at a company were initiallly issued ot $9.80 per share. The value of
the shares has increased by 25% each year. If Ari bought 20 shares each
year since they were issued, find the total amount she has spent in buying
shares after 15 years.

4. Evan got a job with a starting salary of $36,000, with a $1,500 raise each
subsequent year. How many years will it take for his total earnings to
reach $1,000,0002

MIXED

ApRplicatioNs

5. A ballis dropped from a tower. The table below shows the height of the
ball after each of the first three bounces. Find the height of the ball after
the 12t bounce.

Bounce | Height (ft)
1 50
2 45
3 40.5
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4. Logs are stacked so that they are 40 logs on the bottom row and each
row thereafter has 2 logs fewer than the row below it. If the top row has 8
logs, find the total number of logs in the stack.

7. When Michelle brought her newborn son John home, he slept just three
hours the first night. Each night thereafter, he slept an extra 5 minutes than
the previous night. How many nights will it take John to sleep an 8-hour
stretch?

8. Elijah started a new Instagram account and gained 8 new followers in his
first week, Each subseguent week, he gained twice as many new
followers than he did the previous week., How many total followers does
Elijch have affer 16 weeks?

9. There are 20 sealfs in the first row of a concert hall. Each row thereafter has
3 seats more than the previous row, IT 600 students are coming to the hall
for a field ¥rip, how many rows will be needed, assuming they are seated
starting with the first row?e

10. The table to the left shows the value of a car that was manufoctured in
2012, along with its value for three subsequent years. In what year will the

Year Value volue of the car reach $4,0002

2012 $37.,500

2013 | $31,500

2014 | $26,440

20015 | $22,226.40
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Name:

Date:

Unit 11: Sequences and Series

Per: Homework &: Arithmetic vs. Geometric

** This is a 2-page document! **

Direclions: Determine whether the sequence is arithmetic, geometric, or neither. If arithmetic or
geometric, write an explicit formula to find the #ih term, then find a,.

1. {72, 64, 56, 48, ...}

2, {l, 23 .4 }
5731 E

3. {(-16), (-24), (-36), (-54), ...}

4. {39, 117, 351, -1053, ...}

5 _ 25
5.{-10, -2, 5,22, ...
{ 2 2’ }

6.{1,8,27,64,..}

Direclions: Determine whether the series is arithmetic or geometric

. Then find the indicated sum.

7. {-3+12-48+192+..}; S,

8. {23+32+41+-50+..}: 8,

9. {-4-8-12-16-..}; 5,

10. {5+lg-+—‘j:+—g-+..

12.{135-45+15-5+...}; S,
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Directions: Determine whether the series is arithmetic or geometric, then find the sum, if possible.

13.

21
14. > (7k-6)
k=1

10 )
Z 3‘2c‘,
c=1

18,3 -5.6-(0.8)"
p=1

19.

A brick wall was built such that the bottom
row had 51 bricks and ecch row above
contained three less than the previous.
Defermine which row contained 12 boricks.

20. Alan deposits $5,000 into a refirement
account, earning 6% annual interest. Find
the balance after 26 years.

21.

A credit card payment of $225 is due on the
first of the month. Each day the payment is
late, an additional 2.5% is charged. If Erick
paid o total of $288, how late was his
payments

22. A mechanic charges $17 for the first hour,
$15.75 for the second hour, and $14.50 for
the third hour. If a certain job takes him 7
hours, determine the total labor cost.

© Gina Wilson (All Things Algebra®, LLC), 2018




Name:

Date:

Topic:

Class:

Mdain Ideds/Questions

Notes/Examples

Pl &
CONJECTURES

Discovery and proof are two aspects of mathematics. Math facis are
generally established by discovering a pattern, making a conjecture,
and finally proving the conjecture. Foliow the example below:

{ Find a pattem: Look for a pattem in the sum of

= the first 5 positive odd integers 1o the left.

1+3= L_‘&

| +3+5= q Make a conjecture: If the »t odd number can be
T written as 2n - 1, write a conjecture about the
1+3+5+7= | sum of the first n positive odd integers:

, _ s
1+3+5+74+9=_1"% 1+3+5+7+9+ . +@2n-)=_N |

PROGF BY
machematicd,

INDUCTION

A proof is a clear argument that demonstrates the fruth of a conjecture.
Proving a method false simply requires a counterexample. Proving a
conjecture frue requires a more formal method. One such method of proof
is called mathematical induction.

The Principle of Mathematical Induction:

Let P, be a statement depending on a positive integer n.
Py is true for all positive integers » if and only if:

. ;&_ is frue.

o |f Eg is true for any positive integer }5 . then E oot | is frue.

The main steps to prove a conjecture by induction are outlined below.

@ | Base Case: Prove P is frue.

@ | Inductive Hypothesis: For any positive integer £, assume Py is true,

@ | Inductive Step: Prove P+ 1is frue,

EXAMPLES

Use induction to prove each conjecture Is true for all positive # integers.

1434547+ +(2n ) =n’
O P e @ \F V\r-f’\l AsSsvwe Py 18 rue,
1° ‘ -\ \/ BT (k)= k>
(D) Pove. Prw |5 bt

Pt = I+-%+'5+?~+..‘.J-C2k--i> v (20H) 1) = Gt

_re
. -
= K2+ (20ka) 1) = (KH)
KX+ 2k 42—t = mn
[N e v_H)
£  _F
) % -~ k F—"\"l) ® Gina Wilson {All Things Algebra®, LLC}, 2018



2, 24+44+6+..+2n=nln+1)

3P +224+3 +..+n

2 _ a(n+1)(2r+1)

6

4, 1+2+4+8+4,., +27=2"—

1

© Gina Wilson [All Things Algebra®, LLC), 2018




SIGMA
NOTATION

‘ Y

Lo ant) Dep s | = l(._!_"li) &) :/
> Zul 2 P Z -f_‘l Tz 4o

2V
® prove. gl (= C”‘)(Q/‘:S) il

=1
* (ke he2)
Z.

= KZrBK + 2

‘ 2

fr . ¥

é L= ’ L 4~(\L*’\>

L =

o) Lo “
P
= K2 2@4—\)
Y a2
K%+ 3K +2-
. 2
6. 2(41-_2):2;12

@ Gina Wilson {All Things Algebra®, LLC), 2018
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Prove that each conjecture is true for all positive integers »

PRUVING 7@n;+ nis divisit\)le by 2
e A
DIV;?IILBEIEITY 5 dwisiple la:j . \/

(D Gr n=ll asSume Py (g ot Yk KT g Avird
[Q‘\ ‘- oY kz'l"K ’1'-—2\4" Pﬁ'Y Sone i,\,‘,c%e/r- r‘
® procc Pt 1S dvisible by 2.
PK“H = (Ki- \)l 4 (K‘*‘l)

ToLEa 2k el

= JE ek +20t 2Z

L
= Q¢ + 2k 52
= 2—0‘ A= K“i“)

} )

oL P s dwisibe lOD P

8. 11"-46is divisible by 5

Ph = NZe-n 15 awisible bﬂ 7.
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Name: Unit 11: Sequences and Series

Date: Per: Homework 7: Mathematical Induction

** This is a 2-page document] **

Directions: Use induction to prove each conjecture is true for all posifive n integers.

1. 8+14+ 204+ 26 +...+{(6n+2) = n(3n+5)

2. 2+8+20+40-|—...+(n2+n)=w

3. 2(2‘. 2= n(2n - 2(212 +1)

© Gina Wiison {All Things Algebra®, LLC), 2018



Gl 1 n

= i+ - n+1

5. #° +2n is divisible by 3

&. 17n* ~13n is divisible by -2

© Gina Wilson (All Things Algebra®, LLC), 2018
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Date:
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Class:

Main Ideas/GQuestions

Notes/Examples

PASCAL'S
triangle

Pascal's triangle is a pattern of numbers that was discovered in the
17th century by French mathematician Blaise Pascal. Each numberin
Pascal's friangle is the sum of the two numbers diagonally above it.
All outside numbers are 1.

Complete rows 4 and § of Pascal’s triangle below:

Row Q0 — 1

Row 1 — 1 1

Row 2 — ] 2 i
Row 3 — ] 3 3 I

Row 4 — l L{ (b L{ I
Row § — | h 1O ]/0 5 |

BINOMIAL

EXPANSION
Datterns

Consider the binomial expansion of (« + 5)":

(a+b) =1 What do you notice about

(a+b) =a+b the coefficients? . p
(a+bY = a +2ab + B M st 311‘*""“)““““
(a+b) =a* +3a’b+3ab® + 1 ouncl fer vt e, ‘(\UW\ ow
(a+b) =a' +A4d°b + 6a°b* + 4ab® + b’ o8- ’Paj(ﬂ \'e A W\;L
(a+b8)° =a° +5a'b+104°p* +10a°h° + Sab” + b°

Other important patterns in the binomial expansion of (« + 5)":
e The total number of ferms is always _{L -
e The first term is ‘ and the last term is ( .
e The exponent of a dacreases IQ‘-\ \ from left to right.
e The exponent of b _WCA€AS 1‘M 1 from left o right.
e The sum of the exponents in each ’rerm is ﬂ

EXPANDING
A BINOMIAL
[Ising Pascars Triangle

Use Pascal’s triangle to expand each binomial.

L{a+d) vow ! \ ( I 20 5 ¢ |

(ol = [6°L° + 6By +\Sab™ 1 20a3L2 +\Sa2b  +
6(.‘1 bs Gb(a

&l +bdb + 90 > + ?\fo’ \S"az’bq*éabg““

—

ey

e

Iy

@ Gina Wilson [All Things Algebra®, LLC),
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2. (x+2)

3. 3m-1)*

4, (4c—3d)°

@ Gina Wilson (Al Things Algebra®, LLC), 2018




Name;

Date:

Topic:

Class:

Main ldeas/Questions

Notes/Examples

FIND ANY
ELEMENT

wn ogatalits
Tuayrgle

¢ Each element of Pascal’s triangle is

assigned a row r and element ¥ number.
(Note both rows and elements begin with 0.}

e The nthrow, rih element of Pascal's friangle

] and defined as;

n
4

is denoted as [

n I
(r): nGr = ri(n—r)!

0 1
1 11
w 2 1 21
3 3 133 1
4 1 4 6 4 1
5/1T 5 10 10 5§ 1
01 2 3 4 5
elements

Find each element In Pascal’s triangle.

1. éth row, 3d element

2. 130 row, 5th element

3. 18th row, 2d element

4. 250 row, 14th element

Jrdhirg
BINOMIAL

TERMS

The (r +1)h term in the binomial expansion of (a + 5)" is defined as ("] a"y .
r

Find the indicated term of each binomical expansion.

5. (a+b)?; 8thterm

6. (x-7)?; 3d term

7. (p—-q)*; 5 term

8. 2k +1)7; 6t term

9. (v+3); 7 term

10. (3a-2); 4" term

@ Ging Wilson [All Things Algebra®, LLC), 2018



THE BINOMIAL
THEOREM

If 1 is a natural number, then (a + )" =

n
n-1,1 -2 2 0,un
b +"C2'a b +---+HC"'a b == "
r=0

n, 0 H—F , F
WLo-@b + ,C-a C.-a b

Use the Binomicl Theorem to expand each binomial.

11. (a+2)°

12. (x-3p)

13. (1-2&Y

14. (3n+4)°

© Gina Wilson {All Things Algebra®, LLC), 2018



Name: Unit 11: Sequences and Series

Date: Per: Homework 8: Pascal's Triangle &
The Binomial Theorem

** This is a 2-page document! **

Directions: Use Pascal's triangle to expand each binomial.

1. (x-»p)

2. (2k-3)°

Directions: Find each element in Pascal’s friangle.

4, 9t row, 6 element B. 14" row, 8 element &. 234 row, 191 element

Directions: Find the indicated term of each binomial expansion.

7. (x+5)%; 5hterm 8. (j—k)'; 8hterm 9. (2p+3)’; 4hterm

@® Gina Wilson (Al Things Algebra®, 1LC), 2018




10. (4r —s)"; 7t term 11. (5m—3n)®; 3 term

12. (3¢ -2d)"7; &hterm

Directions: Use Binomial Theorem to expand each binomial.

13. (p+7)

14, (5x - 4)

15, (m+3n)

] L]
16. (Za——}
b

® Gina Wilson (All Things Algebra®, LLC), 2018




